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ABSTRACT 
This paper relates to the CFD calculation of a new turbine type which is in the phase of 

theoretical analysis, because the working fluid is a mixture of steam and gas generated in wet 
combustion chamber. At first, this article concentrates on a possibility of streamlining the flow 
efficiency of a last stage of axial turbine working on gas-steam mixture using a hybrid of the 
particle swarm optimization algorithm with the Nelder-Mead method called HNMPSO. 
Subsequently, this article aim is to redesign and analyze the flow characteristics of the last stage 
of the gas-steam turbine. 

Values of the maximized objective function, which is the isentropic efficiency of the turbine 
stage, are found from 3D RANS computation of the flowpath geometry changing during the 
improving scheme. Among the optimized variables are parameters characterising the shape of 
the endwall contours within the rotor domain. 
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NOMENCLATURE 
bap  below ambient pressure 
C   compressor  
CFD computational fluid dynamics 
CFM computational flow mechanics 
CHE+S  condensate-cooler heat exchanger and separator 
G  generator,  
GT  gas turbine (high-pressure housings) 
GTbap gas turbine (low-pressure housings) 
HE  heat exchanger  
HNMPSO  Particle Swarm Optimization with the Nelder-Mead method 
n=1,…,15  numbers of section 
PSO Particle Swarm Optimization  
P  pump  
SEC spray ejector condenser, 
WCC wet combustion chamber  

INTRODUCTION 
Optimization of the last stage can use computational fluid dynamics (CFD) and computational 

flow mechanics (CFM). CFM calculations, presented in previous articles, included a design solution 
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for a novel thermodynamic cycle with three new devices—namely, a wet combustion chamber, a 
steam-gas turbine and a spray-ejector condenser. In the gas-steam turbine cycle, high temperature 
occurs in the combustion chamber because of the burning of the fuel in oxygen. As a consequence of 
the chemical reaction and open water cooling, a mixture of H2O and CO2 is created. The obtained 
working medium expands in one turbine, which combines the advantages of gas turbines (high turbine 
inlet temperatures) and steam turbines (full expansion to vacuum). Currently, a combination of CFM 
and CFD methods is used for design of turbine blades (Ziółkowski et al., 2016).  

Computational Flow Mechanics (CFM) methods are based on integral (algebraic in space) 
equations of mass, momentum and energy balance. For example, in CFM, at the engineering level 
(0D) treating a steam storage as a "black box" which has inlets and outlets, heated surfaces on which 
heat is exchanged and a moving surface (blades) on which energy is converted to the way of work. It 
is necessary to use zero-dimensional modelling (0D) which relates to the design level strictly focused 
on thermodynamic parameters at specific points in the thermodynamic cycle. On the other hand, the 
three-dimensional method (3D), here CFD (Computational Fluid Dynamics) based on flow models 
with mass, momentum, and energy balance, that determines temperature fields, densities, velocities 
in relevant space, is used for more accurate analysis. This paper also presents the relationship between 
the different approaches, namely CFM and CFD, in relation to last stage with twisted blades. 
Summarizing the local (3D) level used in CFD techniques, it is possible to associate the integral 
approach with CFM, i.e. the level (0D) by integrating the local area. The combination of these two 
approaches is the additional novelty of the article. At this point it is worth adding that the phenomenon 
accompanying the calculations based on CFD models is a renaissance of significance and almost 
complete restoration of equivalent significance of calculation codes based on CFM models. It should 
be remembered that CFM codes covering the entire turbine and thermodynamic cycle thus serve CFD 
as a "giver" of boundary conditions and averaged (in the 0D sense) load data. Furthermore, the results 
of the CFD calculation, after appropriate averages, are compared to the results of the CFM codes, 
especially at the solution design stage. 

Gas-steam turbines with the use of oxy combustion were developed only in the context of the 
efficiency of the whole power plant and CO2 capture capacity  (Yantovsky et al., 2009; Anderson et 
al., 2014; Ziółkowski, 2018a) .Lack of more detailed analyses resulted from technological difficulties 
of their implementation in practice. However, due to the development of different types of cooling 
including water or steam injection into the combustion chamber (Ziółkowski et al., 2012) it is 
becoming more and more realistic to realize combustion in stoichiometric mixture of fuel and oxygen 
with the use of water cooling. This article presents the optimization of the last stage of the turbine in 
a Brayton double cycle with the use of an oxy-fuel combustion plant, in which we can distinguish 3 
substantially new devices, namely: a "wet combustion chamber" (WCC), a "spray-ejector condenser" 
(SEC) and a gas-steam turbine (GT+GTbap). Such demanding systems require detailed thermodynamic, 
flow and strength analyses. In this work the previously presented thermodynamic analyses of the 
cycle in Fig.1 were used, as well as the results of design calculations of flow channels presented in 
(Ziółkowski, 2018b). 

The procedure of twisting of the last stage is worth to mention. Figs.1a) and 1c) shows that the 
height of the blade is divided into 15 sections n=15. The first section n=1 is adherent to hub and the 
last n=15 section is adherent to shroud (Fig. 1c). Eighth section n=8 in Fig.1c) is a mean diameter, 
and its flow parameters correspond to the meanline calculations which are calculated with an 
assumption that the blades are cylindrical, and the width of the flow channel is constant. In Fig. 1a) 
and 1b), arrows show the connection between LP part stages and the expansions line. Points marked 
as 0 are placed before first stages and points in GTbap represented by 1 are placed after the stator. 
Furthermore, points 2 in GTbap are placed after rotor.  

The mathematical model of the whole cycle as well as the individual devices was presented in a 
previous publication of the authors (Badur, et al. 2016; Głuch, et al. 2020). The dissertation 
(Ziółkowski, 2018a) contains design procedures, and the articles (Bzymek et al., 2017; Głuch et al., 
2020) present the CFD-type mathematical models. The performance of the power systems (power 
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plants) depends fundamentally on the level of the transform energy (energy transformation). One of 
the devices in which the energy conversion takes place is an expander and in this perspective the 
lower the turbine efficiency, the lower the system efficiency (Kowalczyk et al., 2015). Consequently, 
the system efficiency basically depends also on the expander design.  

 
Figure 1: The double Brayton cycle with oxy-combustion, where: WCC – wet combustion 

chamber, GT+GTbap– gas turbine divided into two parts, SEC – spray ejector condenser, C – 
compressor, HE – heat exchanger, CHE+S  –  condensate-cooler and separator, G – 

generator, P – pump. a) scheme of cycle; b) h-s diagram of expansion c) division of last stage. 
The computational fluid dynamics (CFD) tools are extremely useful in the design of high-

efficiency turbines because of inaccuracy of empirical loss correlation models (Klonowicz et al., 
2014). The most important component of the total loss is usually connected with the losses within the 
blade passages – mainly profile loss and secondary (endwall) loss. Despite the significant amount of 
models, none of them by far has proven to be really general (Beyene and Miller, 1986). This leads to 
the use of computational fluid dynamics in an interative way for turbomachinery blade design. 
Optimization leads to a better flow guidance and a higher efficiency at the price of time consumption 
(Lampart et al., 2005; Lampart, 2002). The largest computational cost during efficiency optimization 
of turbines is connected with the calculation of values of the objective function, which is obtained 
from a RANS solver.  
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The main objective of the work is to improve the internal efficiency of the low-pressure part of 
the turbine obtained by means of the CFM approach. The increase of efficiency and improvement of 
the geometry of the last stage was done using HNMPSO optimization and CFD methods. 

 

TURBINE MODEL 
This gas-steam turbine consists of a high-pressure and a low-pressure part (Fig. 1a). Fig.1a) shows 

a diagram of a compact gas-steam power plant, where the key element is the original "wet combustion 
chamber" (WCC), which is a steam-gas generator. In this chamber (WCC), the product of the 
combustion of gases is a working medium containing YH2O=0.804 steam and YCO2=0.193 CO2. The exact 
data are shown in Table 1.  

 
Table 1: Parameters of mixture and computational domain used in CFD simulation of a last 

turbine stage  

t0 = 336.794 °C 
m0 = 91.15 kg/s 
p2 = 0.07955 bar 
𝜔 = 3000. rpm 
XCO2  XH2O  XN2   Sum 
0.0894  0.9084  0.0022     1 
YCO2    YH2O    YN2     Sum 
0.1933    0.8037    0.003    1 

 
It is therefore important to separate water vapour from CO2 accordingly. The original idea 

proposed in (Ziółkowski, 2018a) is also: 1) introduction of an ejector as a spray/ejector condenser 
that condenses water and separates CO2 and 2) use of a gas-steam turbine. Fig. 2 presents the shape 
of the last expander stage to ensure optimal use of the working medium enthalpy in GT+GTbap. The 
turbine consists of one high pressure housing and one low-pressure housings, however, the low 
pressure part contains a dual outlet (see Fig.1a). 

The number of stages of the high (27 stages) and low-pressure part (6 stages in both directions) 
of the turbine were determined, together with the kinematics and velocity vectors for subsequent 
stages of the axial turbine. The length of the rotor blade of the last stage is 1587 mm (Fig.2). The 
design process takes into account the law of variation of the velocity peripheral (circumferential) 
component of the working medium along the radius of the turbine blade and it is conducted in a 
discrete way so that the full 3D geometry of the blade can be developed. The circumferential velocity 
varies from 262 m/s near the blade hub to 771 m/s near the blade tip. 
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Figure 2: Meridional contour of the blades (left) and the cross sections (right). 

 
Fig. 2 shows an initial 3D geometry of the stator and rotor blade designed based on the free vortex 

law. The stage consists of 44 stator blades and 49 rotor blades (the rotor blades are without tip 
clearance). Almost 1 MW turbine stage has a process pressure drop from 16.6 kPa to 8 kPa, stator exit 
Mach number of 0.8, inlet temperature of 336.8 °C, rotor rotational speed of 3 000 rpm and fluid 
mass flow rate of 91.15 kg/s. The last stage of the turbine is always a peculiar one, not only it is 
challenging from the material strength point of view, but also regarding fluid flow.  

METHODOLOGY 
The parametrization of the last 3D axial stage was based on changing rotor meridional contour. 

The idea of endwall contouring is persued in LP turbines with diverging contours to assure smooth 
flow at the endwalls and to induce streamline curvature that reduces gradients of flow parameters 
downstream of the stator (Lampart et al., 2000). In this paper the geometry of meridional contours is 
described by two B-spline curves (3th order curves). The total number of optimization parameters 
was 8: 4 for lower endwall and 4 for upper endwall. Each parameter was allowed to vary in a 
prescribed range (Fig 3.). As a result of modifying the meridional contours of the flowpath, the height 
of the rotor blade changes. In order to obtain a new shape, linear extrapolation (fixed parameters) was 
used, which allows the rotor blade to be lengthened or shortened. 
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Figure 3: Meridional contours of rotor row. 

The isentropic total-to-static efficiency was selected as the objective function for the optimization 
of the last turbine stage. With this definition the exit kinetic energy losses are included in the objective 
function formula (Witanowski et al., 2020). 

The overall optimization process consists of two phases – iteration and verification (Fig. 4). All 
stages of the iteration loop are managed by the script written in Matlab environment. The geometry 
of the optimized stage was being created within the Matlab script. An automatic grid was created by 
means of ANSYS TurboGrid software. The RANS equations with the k-ω SST turbulence model 
describing fluid flow in the ANSYS CFX code are solved by means of the finite volume method. 
Second-order discretization scheme was applied. The imposed set of boundary conditions consisted 
of the mass flow rate and total temperature at the inlet, average static pressure at the outlet and the 
rotational speed of the rotor domain.  

To ensure that simulation will be performed properly the discretization of the analyzed domain 
must be done correctly with inclusion of crucial elements. For this purpose, hexahedral mesh has been 
chosen, as one that provides excellent accuracy and relatively low elements count. In the iteration 
phase, in order to perform calculations in reasonable time, period mesh consisting of 1 mln hexahedral 
elements was used (see Fig. 5). Mesh limits were set on the maximum face angle (165°), minimum 
face angle (15°), connectivity number (12), maximum and minimum volume ratio (10 and 0) and 
maximum edge length ratio (1000) (ANSYS®, 2019). In the verification phase the optimal geometry 
was calculated on a fine grid of 20 mln nodes per stage (see Fig. 5). 

Another aspect of the calculation methodology is the introduction of hybrid algorithms. The 
hybridization is a connection of two or more algorithms that run together and complement each other 
to produce a profitable synergy from their integration (Yang, 2015). Hybridization aims to combine 
the advantages of each algorithm, whilst reducing the disadvantages (Ting et al., 2015). In hybrids, 
one algorithm may be incorporated as a sub-algorithm to locate the optimal parameters for another 
program or different components of algorithm such as mutation crossover that are used to improve 
another algorithm in the hybrid structure. The hybrid algorithms can be divided into two groups – 
collaborative hybrids and integrative hybrids. Depending on the combination of the running 
algorithm, weight of participating of the collaborative hybrids can be grouped as follows: multi-stage, 
sequential, and parallel. Other authors also develop Genetic Algorithms (Tesch and Kaczorowska-
Ditrich, 2020) which, like hybrids, work well with CFD methods. 

 



7 
 

 
Figure 4: Optimization scheme. 

 

       

Figure 5: Mesh used in numerical simulation, respectively iteration loop and verification 
phase on the left and right side of the figure. 

 
The proposed collaborative parallel algorithm is a combination of a Particle Swarm Optimization 

(Eberhart and Kennedy, 1995) with the Nelder-Mead method (Nelder and Mead, 1965) called 
HNMPSO (Zahara and Kao, 2009; Fan and Zahara, 2007), (Ayouche, Ellaia, and Aboulaich 2016; 
Barzinpour et al. 2013). In this method, the algorithm starts with random generation of initial 
population. The entire population is sorted according their fitness (value of objective function). The 
best solutions (N+1) are fed into the deterministic algorithm to improve the (N+1)th solution in the 
rank (point 6). The worst solutions (2N) are moved to PSO method. The next step is the standard 
procedure for Particle Swarm Optimization Algorithm (points 7-21). To sum up, the structure of this 
hybrid algorithm enables the avoidance of stagnation and the possibility of constructing the simplex 
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consisting of several local minima significantly distant from each other. The pseudo code of the 
HNMPSO algorithm is presented in Table 2. 
 

Table 2:  Psuedo code of the HNMPSO algorithm.  
1. for i = 1:n 
2.      xi = rand(var)     Generate random population 
3. end 
4. while j < Nmax 
5.      xNM = sort(x)     Sort n population and set var+1 best point to NM 
6.      Nelder-Mead method(xNM, α,δ,β,ε,lb,ub) 
7.      for i = 1:n-(var+1) 
8.           vi = w×vi + c1×rand×(xi

best-xi)+ c2×rand×(xglobal best-xi) 
9.           for k = 1: var 

10.                vi,k = vi,k(mini,k,maxi,k)     Apply velocity limits 
11.           end 
12.           xi = xi + vi     Update position 
13.           for k = 1: var 
14.                xi,k = xi ,k(lb,ub)  Apply lower and upper bound limits 
15.           end 
16.           If f(xi) < f(xi

best) 
17.                xi

best = xi 
18.                If f(xglobal best) < f(xi

best) 
19.                    xglobal best = xi

best 
20.                end 
21.          end 
22.      end 
23. End 
 
 
The presented approach of optimization can significantly reduce the secondary flow losses as well 

as boundary-layer, separation and exit energy losses and as a consequence improve flow efficiency 
of turbine stages. 

RESULTS 
The optimization was executed using hybrid algorithm, a combination of a Nelder-Mead Method 

with Particle Swarm Optimization called HNMPSO with more than 1000 function evaluation. During 
the optimization the objective function, that is the total-to-static efficiency of the low-pressure last 
stage turbine was radically improved (Fig. 6).   



9 
 

 
Figure 6: Objective function improvement during optimization process. 

 
Figure 7 presents final values of the efficiency. Efficiency of the stage and the entire turbine is 

the basic criterion in estimating machine perfection, which the manufacture guarantees before the 
very first start-up. Efforts of the designer to achieve the highest possible efficiency occur with use of 
both CFM and CFD. Intuitively, it seems that three-dimensional models can better (more accurately) 
to determine the flow parameters and hence its efficiency (Kowalczyk et al., 2017; Nastałek et al., 
2014). The outlet loss (or exit velocity losses) is connected with the unused kinetic energy of the 
fluid. It is defined as  Δ𝑖#$% =

'
(
𝑐( where c is the turbine exit velocity. As a result of the optimisation, 

there was a reduction in the average velocity at the stage exit. Thus, the outlet loss was reduced by 
5.88 per cent. 

The geometric changes between the original and optimized turbine stage is illustrated in Figure 
8. As a result of changing endwall contours the flow path exit area from the rotor passage was 
increased in the optimized design. The end of the lower endwall moved from 820 mm to about 770 
mm. The upper endwall was changed significantly, the exit radius increased to 3000 mm. All changes 
and optimization boundaries are presented in Table 3. 

 

 
Figure 7: Final values of the efficiency.  
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Figure 8: Comparison of meridional section of the last turbine stage.  
Table 3: Parameters of boundaries, baseline geometry and optimized geometry.   

Lower boundary 0.95 0.95 0.95 0.9 0.9 0.95 0.8 0.8 
Upper boundary 1.1 1.2 1.05 1.05 1.1 1.2 0.95 1.15 
Baseline geometry 1 1 1 1 1 1 0.92 1 
Optimized geometry 1 1.021 1.041 0.942 0.9 1.092 0.95 1.139 

 
Figure 9 shows temperature contours in the rotor: baseline design (left), optimized design (right). 

Additionally, it can be connected with static entropy contours in the rotor: baseline design (left), 
optimized design (right) in Figure 9. The figures presented that high entropy region is appreciable 
removed in the shroud region. Additionally, the entropy in the middle of channel was decreased. The 
comparison of velocity contours are illustrated in Figs. 10-12. Due to of changing meridional 
contours, the velocity distribution was changed. It should be noticed that profile loss at the hub was 
reduced in optimized geometry. Also, the loss distribution on the mid span and shroud is marginally 
lower than for the baseline geometry. However, the increase in fluid entropy due to the break-up of 
the vortex and interaction of the stator with the rotor has not been taken into account, but the 
methodology adopted ensures that losses caused by molecular, turbulent viscosity, as a result of 
internal flows in turbine palisades, are taken into consideration. The velocity contours at mid-span 
did not improve significantly (Fig.11), as the area where the shape optimisation was taking place was 
at the hub and at the turbine inner casting (shroud) – see Fig.8. The reason that the flow separation is 
still there after optimization process results from the fact that the blade shape itself was not being 
changed during the simulations. Optimizing the geometry of the profiles creating the blade is more a 
complex task and will be performed in subsequent works. Thus, there is still a room for improvement 
in the presented turbine stage. 
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Figure 9: Temperature contours and static entropy contours in the rotor: baseline design 

(first and third), optimized design (second and fourth). 

     
Figure 10: Velocity contours in the rotor at the hub: baseline design (left), optimized design 

(right).  
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Figure 11: Velocity contours in the rotor at the mid span: baseline design (left), optimized 

design (right).  
 
 

  
Figure 12: Velocity contours in the rotor at the shroud: baseline design (left), optimized 

design (right).  

CONCLUSIONS 
A method for optimization of meridional contours of turbine stage has been proposed. The flow 

efficiency of a low pressure stage was optimized using  a hybrid algorithm which has not been applied 
in thermal turbine optimization so far. The used algorithm consists of methods of Nelder-Mead and 
Particle Swarm Optimization algorithm. The results show that used algorithm effectively reached the 
optimal or near optimal solution. Thus, it can reduce and save computational time resources.  



13 
 

The baseline geometry of endwalls, constructed by means of well-known aerodynamic method, 
were parametrized by two B-spline curves. Almost 4 pp. efficiency rise was obtained for the turbine 
due to the flow improvement as a consequence of reducing the exit velocity losses. Such a significant 
increase in the internal efficiency of the last stage translates directly into the efficiency of the entire 
system, because behind the last stage the kinetic energy cannot be reused further to produce work. 

In the next step the number of optimization parameters (decision variables) such as blade number, 
stagger angle and blade profile shape parameters will be increased. Also the optimization should take 
into account the turbine performance at the off-design conditions. 
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